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1.1. Problem setting
From the mid-1950s, the theory of invariants has been widely
studied and used (Ericksen and Rivlin, 1954; Rivlin and Ericksen,
1955; Spencer, 1971; Boehler, 1977, 1978, 1979; Wang, 1970;
Smith, 1965, 1971; Liu, 1982; Zheng and Boehler, 1994;
Holzapfel et al., 2000, 2002; Schröder and Neff, 2003; Peng et al.,
2006) in the context of behavior laws of anisotropic materials
and biomechanical applications. For example invariants are
proposed to build the constitutive laws to investigate internal
deformation and stress of anisotropic materials such as composite
material, biological soft tissues (ligaments, tendons, arterial walls)
(Weiss et al., 1996; Almeida and Spilker, 1998; Rüter and Stein,
2000). They are also used to understand the inﬂuence of collagen
ﬁbers in the behavior of the temporomandibular joint disc (del
Palomar and Doblare, 2006) or to simulate the mechanical behav-
ior of the posterior sclera under acute elevations of intraocular
pressure (Girard et al., 2009). Invariants appear to explain the
mechanical behavior of human annulus ﬁbrosus (Caner et al.,2007) or to model and simulate the hyperelastic behavior of a thin,
transversely isotropic and incompressible thermoplastic mem-
brane (Erchiqui et al., 2005). Recently they also showed up in the
study of the expansive growth of cell walls by presenting a ﬁber-
reinforced hyperelastic–viscoplastic model (Huang et al., 2012).
In general, the energy densities modeling biological soft tissues
are often separated into isotropic and anisotropic parts (Weiss
et al., 1996; Holzapfel et al., 2000, 2002; Peng et al., 2006;
Balzani et al., 2006) by assuming that anisotropy is due to the col-
lagen ﬁbers behavior (Gasser et al., 2006). The anisotropy is repre-
sented by introducing a structural tensor, which allows a
coordinate-invariant formulation of the constitutive equations
(Spencer, 1987; Boehler, 1987; Zheng and Spencer, 1993a,b). How-
ever, the classical invariants associated with those laws can lead to
numerical problems. In order to take into account stability condi-
tion and ellipticity, Schröder et al. (2005) have proposed free
energy functions satisfying a priori the Legendre–Hadamard condi-
tion. Additionally, new invariants are proposed in Steigmann
(2003) and Balzani et al. (2006) by replacing the classical ones
accordingly to polyconvex considerations. Moreover, Merodio
and Ogden (2006) have investigated the destabilizing inﬂuence of
the invariant I8 due to an ellipticity fail. New invariants are also
determined from physical considerations by various authors
(Criscione et al., 2001; Lu and Zhang, 2005; Shariff, 2008). In
Criscione et al. (2001) ﬁve new invariants are deﬁned thanks to a
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conﬁguration basis. In Lu and Zhang (2005) a speciﬁc splitting,
imposed by physical conditions, of the right Cauchy–Green strain
tensor leads to ﬁve other invariants which inherit of physical
interpretations.
More recently, a new constructive method to derive the behav-
ior laws for composite anisotropic media was introduced by
Thionnet and Martin (2006). This systematic method allows us to
write an invariant polynomial in a unique form surely. We did
use this newmethod to study in details the case of a biomechanical
material with two ﬁber families (Ta et al., 2013) and obtained sev-
eral improvements to this case. This method, based on the theory
of invariants for ﬁnite group action, can be applied straightfor-
wardly when the symmetry group of the material is ﬁnite. In the
case of a material with one ﬁber family, the symmetry group is
made of all rotations around the ﬁber axis. The cardinality of this
group is therefore not ﬁnite. This raises some theoretical difﬁcul-
ties once we compare to the case with a ﬁnite group action. For
instance in the case of a inﬁnite group the classical Reynolds Oper-
ator is not deﬁned (classically it depends on the cardinality of the
group) and there is no hope to apply Noether’s theorem (which
also requires to work with a ﬁnite material symmetry group). In
this paper we overcome these difﬁculties for a symmetry group
made of all rotations around an axis a (the one ﬁber family
direction).
All over this paper we consider a biological material with one
ﬁber family represented by the preferred direction a. It is assumed
that the material has the same material properties in this direction
a. Typically, this kind of material is used to model the soft tissues
such as ligaments and tendons (Holzapfel et al., 2002). It is obvious
that the material properties are invariant under the action of all
rotations around the ﬁber axis a. Therefore, we conclude that the
material symmetry group, denoted by S, contains all rotations
around a.
In other words,
S ¼ fQ h; 8h 2 ½0;2pg ð1Þ
where Q h is the rotation matrix around the axis a with angle h. To
write in a simpler form Q h, we will work directly in the reference
basis a;b; c (Fig. 1).
Q h ¼
1 0 0
0 c s
0 s c
0
B@
1
CA ð2Þwhere c and s represent cos h and sin h respectively.Fig. 1. Material with one ﬁber family.1.2. Kinematics of deformation
Before developing our mathematical construction of the new
invariants, we brieﬂy recall some basic notions on kinematic of
solid deformation. Consider a deformable body B undergoing large
strains (Fig. 2). The body B occupies in its initial conﬁguration an
open, simply connected and bounded domain X0  R3. The closure
X0 of X0 represents the reference conﬁguration of B. A material
particle M of B is identiﬁed by its reference position vector
X 2 X0. The interval It :¼ ½O; T denotes the time interval of a load-
ing process. The successive deformed conﬁguration XðtÞ of B with
t 2 It , are deﬁned by a one-parameter differentiable and invertible
mapping u:
uðX; tÞ : X It ! R3 ð3Þ
The position of a particle of the body in the current conﬁguration
XðtÞ is deﬁned by its current position vector x ¼ uðX; tÞ. The dis-
placement of a material point corresponds to the difference
between its current and initial positions.
u ¼ uðX; tÞ  X ð4Þ
The transformation gradient F is deﬁned by
FðX; tÞ ¼ @xðX; tÞ
@X
¼ Iþ @uðX; tÞ
@X
ð5Þ
where I is the unity tensor, and is required to be such that
J ¼ detðFÞ > 0. The strain measure adopted here is the Green–
Lagrange strain tensor E:
E ¼ 1
2
ðC IÞ ð6Þ
where
C ¼ FTF ð7Þ
is the right Cauchy–Green strain tensor. The second Piola–Kirchhoff
stress tensor S and the corresponding Cauchy stress tensor r are
given by
S ¼ 2 @W
@C
; r ¼ J1FSFT ð8Þ
where W is the strain energy density of the model. Classically W
depends on the principal invariants of C and additional mixed
invariants to account for the material anisotropy (Spencer, 1987;
Boehler, 1987; Zheng and Spencer, 1993b). In this paper, we
develop a new constructive approach to exhibit a new family of
invariants.Fig. 2. Reference and current conﬁgurations.
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The paper is organized as follows, in Section 2 we introduce
mathematical deﬁnitions and tools to apply the ideas of the theory
of invariants, that we already used in Ta et al. (2013). The deﬁni-
tions and tools need to be adapted to the case of an inﬁnite sym-
metry group. In particular we deﬁne a generalized Reynolds
Operator and prove some properties of this new theoretical tool.
In Section 3 we apply our new techniques to build six new basic
invariants which generate all invariant polynomials in 6 variables
(the six components of the right Cauchy–Green strain tensor) with
respect to a one ﬁber family. In Section 4 we compare our new
invariants with the classical ones usually introduced in the litera-
ture and provide some physical interpretations as well as their
reduction to the special case of inﬁnitesimal deformation. Finally
in Section 5 we initiate a ﬁrst step in the direction of writing a con-
stitutive relation by calculating the kinematic tensors associated
with our new set of invariants.2. Notations and new theoretical tools
We recall some notations introduced in our previous work (Ta
et al., 2013) and introduce new theoretical tools to work on the
speciﬁc case of invariant polynomials respecting a one ﬁber family.2.1. Notations
A bold-face lowercase letter, say a, and a bold-face capital letter,
say A, will denote a vector and a second order tensor respectively.
The theory of invariants involves the use of mathematical tools
such as tensor analysis and polynomial algebra (Cox et al., 2007).
Therefore, we recall some basic deﬁnitions related to these two
ﬁelds and some invariant properties with regard to the symmetry
group S considered in this work (i.e. the group of symmetry
respecting one family of ﬁbers, i.e. all rotations around an axis a).
The group of all orthogonal transformations of R3
(PPT ¼ PTP ¼ I) is denoted by O3 and O3þ is called the group of
all rotations or the rotation group of R3 (PPT ¼ PTP ¼ I; detP > 0,
where I is the identity tensor and det represents the determinant
of a matrix).
Material symmetry group is a subgroup of O3þ deﬁned as the
invariance group of the material. This subgroup will be denoted S
hereafter.
Vector space of polynomials: We write R½x1; . . . ; xn for the vector
space of real polynomials in n variables which is also a polynomial
ring. This notation will be shortened in R½x with x ¼ ðx1; . . . ; xnÞ.
Vector space of invariant polynomials: We write R½x1; . . . ; xnG for
the vector space of real polynomials in n variables which are
invariant under the action of the group G. This vector space is a
polynomial ring which will be denoted for short by R½xG.
A monomial of R½x1; . . . ; xn of multidegree a is denoted:
xa ¼ xa11 xa22 . . . xann ð9Þ
where a ¼ ða1;a2; . . . ;anÞ 2 N n. The total degree jaj of the monomial
xa is deﬁned by jaj ¼ a1 þ a2 þ . . .þ an.
A set of generators: Let K  R½x1; . . . ; xn be a subring of the ring
of real polynomials in n variables. A set of generators of K is a ﬁnite
family of polynomials fg1; g2; . . . ; gsg such that
8P 2 K; 9Q 2 R½y1; . . . ; ys : P ¼ Qðg1; g2; . . . ; gsÞ ð10Þ
An integrity basis: A set of generators is called an integrity basis
if none of its elements can be written as a polynomial in the other
elements of this set.2.2. Representation of the symmetry group S as a linear group
In our situation, in order to build hyperelastic behavior laws, we
would like to write invariant polynomials in the tensor variable C
where C denotes the right Cauchy–Green strain tensor (7). In other
words the problem is now to ﬁnd a polynomial function f which is
invariant under the material symmetry group S (see Thionnet and
Martin, 2006):
f ðQ hCQ Th Þ ¼ f ðCÞ; 8Q h 2 S ð11Þ
To do so we identify the symmetric tensor
C ¼
C11 C12 C13
C12 C22 C23
C13 C23 C33
0
B@
1
CA
with a vector
x ¼ C11 C12 C13 C22 C23 C33ð Þ 2 W
where W ¼ R6 is the real vector space of dimension 6. Thanks to
this identiﬁcation our problem is equivalent to ﬁnd polynomial
functions f in the 6 variables deﬁning x which are invariant under
the action of S.
Let us describe the action of S on the variable x 2 W.
First we can notice that
ðQ hCQ Th Þij ¼ ðQ h ikQ hjlÞCkl ð12Þ
The relation between ðQ hCQ Th Þij and Ckl is linear, i.e. for each rotation
Q h 2 S there exists a linear map given by a 6 6 matrix AðQ hÞ such
that
AðQ hÞx ¼
ðQ h CQ Th Þ11
ðQ h CQ Th Þ12
ðQ h CQ Th Þ13
ðQ h CQ Th Þ22
ðQ h CQ Th Þ23
ðQ h CQ Th Þ33
0
BBBBBBBBBB@
1
CCCCCCCCCCA
ð13Þ
Remark 1. The operator A transforms an element of our symmetry
group S to a linear transformation onW, one can thus interpret A as
an application A : S! GLðWÞ where GLðWÞ stands for all linear
applications on the vector space W. Such a map is called a
representation of S.
The invariant property (11) can then be written as
f ðAðQ hÞxÞ ¼ f ðxÞ 8Q h 2 S ð14Þ
For the calculations that we will perform later, one needs to
understand how S acts on the monomials xa where
a ¼ ða1; . . . ;a6Þ is a multidegree in six components. By deﬁnition
(9), the generic term in ðAðQ hÞxÞa can be developed in terms of
the components of AðQ hÞx:
ðAðQ hÞxÞa ¼ ðAðQ hÞxÞa11 ðAðQ hÞxÞa22    ðAðQ hÞxÞa66 ð15Þ
To determine the components of AðQ hÞx or equivalently the compo-
nents of Q hCQ
T
h we write the matrix C in the basis a;b; c (Fig. 1)
which is adapted to the action of the group of rotations S. One
obtains:
C ¼
q1 q4 q5
q4 q2 q6
q5 q6 q3
0
B@
1
CA ð16Þ
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q1 ¼ hCa;ai q2 ¼ hCb;bi q3 ¼ hCc; ci
q4 ¼ hCa;bi q5 ¼ hCa; ci q6 ¼ hCb; ci
ð17Þ
It leads to
Q hCQ
T
h ¼
q1 cq4 sq5 sq4þ cq5
cq4 sq5 c2q2þ s2q32csq6 csðq2q3Þþðc2 s2Þq6
sq4þ cq5 csðq2q3Þþðc2 s2Þq6 s2q2þ c2q3þ2csq6
0
B@
1
CA
ð18Þ
In other words we get an explicit description of the action of S
on the vector space W of variables:
AðQ hÞx ¼
q1
cq4  sq5
sq4 þ cq5
c2q2 þ s2q3  2csq6
csðq2  q3Þ þ ðc2  s2Þq6
s2q2 þ c2q3 þ 2csq6
0
BBBBBBBB@
1
CCCCCCCCA
ð19Þ
Remark 2. The choice of an adapted basis to describe explicitly the
action of S on the components of C will not have any incidence on
the objectivity of the invariant polynomials we obtain. Indeed the
relations (17) prove that the variables q1; . . . ;q6 can be deﬁned
without any references to a basis.
In the classical theory of invariant polynomials for the action of
a ﬁnite subgroup G of GLðWÞ one can obtain by the application of
the Reynolds Operator and the Noether Theorem a family of gener-
ator of the ring of invariant polynomials in a ﬁnite number of steps.
The key point is that the number of needed generators is controlled
by the cardinality of G which in this case is ﬁnite. In our previous
work (Ta et al., 2013) we took advantage of the fact that the sym-
metry group which preserves two ﬁbers families is ﬁnite. Then we
were able to apply those techniques in order to build up a family of
generators (an integrity basis). With the one family ﬁber case the
situation is more subtle because the group AðSÞ is now inﬁnite
and we need to adapt the tools of the theory of invariants.
2.3. Generalized Reynolds Operator
As pointed out in the previous section, the fact that the
symmetry group S of our material is an inﬁnite subgroup of O3þ
requires the introduction of new tools. We ﬁrst deﬁne a generaliza-
tion of the Reynolds Operator adapted to our situation: instead of
summing over all elements of a ﬁnite group, like in the classical
Reynolds Operator, we take a continuous sum (integral) over all
possible rotations around the axis a. More precisely we set:
Deﬁnition 1. Let P 2 R½x be a polynomial in the 6 dimensional
variable x and let A : S! GLðWÞ the operator introduced in Eq. (13)
which expresses a rotation Q h as a linear operator AðQ hÞ onW. The
generalized Reynolds Operator for our group S is deﬁned by
RSðPÞðxÞ ¼ 12p
Z 2p
0
PðAðQ hÞxÞdh ð20Þ
Let us now check that this adapted Reynolds Operator satisﬁes
the expected properties:Proposition 1. Let RS be the generalized Reynolds Operator provided
by Deﬁnition 1. Then the following properties hold:
1. RSðPÞ is a S-invariant polynomial for all P 2 R½x,2. If P is a S-invariant polynomial, then RSðPÞ ¼ P,
3. RS is a linear operator.Proof.
1. Let us prove that, 8x,
RSðPÞðAðQ h1 ÞxÞ ¼ RSðPÞðxÞ; 8h1 2 ½0;2p: ð21ÞBy deﬁnitionRSðPÞðAðQ h1 ÞxÞ ¼
1
2p
Z 2p
0
PðAðQ hÞAðQ h1 ÞxÞdh ð22ÞThe rotation obtained by composition of two rotations of angle h
and h1 with same axis a is a rotation of angle hþ h1 and axis a. Thus,RSðPÞðAðQ h1 ÞxÞ ¼
1
2p
Z 2p
0
PðAðQ hþh1 ÞxÞdh: ð23ÞThe following change of variables h2 ¼ hþ h1 leads to:RSðPÞðAðQ h1 ÞxÞ¼
1
2p
Z 2pþh1
h1
PðAðQ h2 ÞxÞdh2
¼ 1
2p

Z h1
0
PðAðQ h2 ÞxÞdh2þ
Z 2p
0
PðAðQ h2 ÞxÞdh2

þ
Z 2pþh1
2p
PðAðQ h2 ÞxÞdh2

ð24ÞAn other change of variable h3 ¼ h2  2p in the third integral of (24)
gives: Z 2pþh1
2p
PðAðQ h2 ÞxÞdh2 ¼
Z h1
0
PðAðQ h3þ2pÞxÞdh3 ð25Þwith obviously Q h3þ2p ¼ Q h3 . Then the ﬁrst and third integral of the
right hand side of (24) cancel. Therefore we obtain,RSðPÞðAðQ h1 ÞxÞ ¼
1
2p
Z 2p
0
PðAðQ h2 ÞxÞdh2 ¼ RSðPÞðxÞ ð26Þwhich proves the ﬁrst property.
2. Let us now show that if P is S-invariant then RSðPÞ ¼ P. By def-
inition we haveRSðPÞðxÞ ¼ 12p
Z 2p
0
PðAðQ hÞxÞdh ð27ÞThe polynomial P is S-invariant and thusRSðPÞðxÞ ¼ 12p
Z 2p
0
PðxÞdh ð28ÞBut PðxÞ does not depend on h, i.e.:RSðPÞðxÞ ¼ PðxÞ 12p
Z 2p
0
dh ¼ PðxÞ: ð29Þ3. Finally let us show the linearity of RS. We denote by P and Q two
polynomials and k a scalar, thenRSðkPþQÞðxÞ¼ 12p
Z 2p
0
ðkPþQÞðAðQ hÞxÞdh
¼ 1
2p
Z 2p
0
ðkPðAðQ hÞxÞþQðAðQ hÞxÞÞdh
¼ k 1
2p
Z 2p
0
PðAðQ hÞxÞdh
þ 1
2p
Z 2p
0
QðAðQ hÞxÞdh¼ kRSðPÞðxÞþRSðQÞðxÞ: ð30Þh
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of the Reynolds Operator for ﬁnite group as stated in Cox et al.
(2007) page 337. The Proposition says that we have deﬁned a linear
map RS : R½x ! R½xS which sends any polynomial to an invariant
polynomial for the group S.
The next proposition will be useful to build the S-invariant
polynomials:
Proposition 2. Let RS : R½x ! R½xS, be the linear map deﬁned by
the generalized Reynolds Operator. Then,
1. RS is surjective, i.e. RSðR½xÞ ¼ R½xS,
2. A set of generators of the vector space R½xS is given byF ¼ RSðxaÞ ¼ 12p
R 2p
0 ðAðQ hÞxÞadh; 8a ¼ ða1; . . . ;a6Þ 2 N6
n o
ð31Þwhere xa denotes the monomial xa ¼ xa11 xa22 . . . xa66 .Proof.
1. Let P 2 R½xS, by deﬁnition R½xS  R½x (an invariant polyno-
mial in the variable x is a polynomial in x). Then by Property
2 of Proposition 1 we have RSðPÞ ¼ P proving that P 2 R½xS
has a preimage (itself) in P 2 R½x.
2. It is clear that F0 ¼ fxa;8a ¼ ða1; . . . ;a6Þ 2 N6g is a basis of R½x.
Then by surjection and linearity of RS the image of F
0 is a generat-
ing family ofR½xS. But F ¼ RSðF 0Þwhich completes the proof. hTable 1
Nonzero invariants RSðxaÞ with jaj 6 2.
jaj a ¼ ða1;a2;a3;a4;a5;a6Þ RSðxaÞ
1 ð1;0;0;0;0;0Þ q1
ð0;0;0;1;0;0Þ, ð0;0;0;0;0;1Þ 1
2 ðq2 þ q3Þ
2 ð2;0;0;0;0;0Þ q21
ð1;0;0;1;0;0Þ, ð1;0;0;0;0;1Þ 1
2q1ðq2 þ q3Þ
ð0;2;0;0;0;0Þ, ð0;0;2;0;0;0Þ 1
2 ðq24 þ q25Þ
ð0;0;0;2;0;0Þ, ð0;0;0;0;0;2Þ 1
8 ½4ðq26  q2q3Þ þ 3ðq2 þ q3Þ2
ð0;0;0;1;0;1Þ 1
8 ½4ðq26  q2q3Þ þ ðq2 þ q3Þ2
ð0;0;0;0;2;0Þ 1
8 ½4ðq26  q2q3Þ þ ðq2 þ q3Þ2Remark 4. In the classical theory of invariant polynomials under a
ﬁnite group action, the Noether Theorem insures us that we can
build a generating family of invariant polynomials by considering
the image by the (classical) Reynolds Operator of the monomials
of degree less than the cardinality of the ﬁnite symmetry group.
There is no such a result in our situation where S is an inﬁnite
group. However Proposition 2 tells us that the image of monomials
will play an important part to construct a family of invariant poly-
nomials which will generate R½xS.
3. A constructive integrity basis for invariant polynomials
respecting a one ﬁber family symmetry constraint
In this section we prove the main result of this paper by pro-
ducing an integrity basis for the polynomials of the 6 dimensional
variable x (i.e. the vector version of the tensor C) which are
invariant under the symmetry group S of all rotations around
the axis a. In a ﬁrst step we use a constructive approach based
on the tools deﬁned in the previous section to build an integrity
basis for all such polynomials with the additional condition that
we only consider polynomials of degree less than three. Then
by a technical induction argument one shows that the basis
obtained in the ﬁrst step is in fact an integrity basis for all S-
invariant polynomials.
3.1. The case of invariant polynomials of degree less than three
Let us apply our generalized Reynolds Operator to build a set of
generators for the invariant polynomials of degree less than three.
We denote by R3½x the ring of polynomials of degree less than
three and by R3½xS, the ring of S-invariant polynomials of degree
less than three. Proposition 2 tells us that it is enough to consider
the set fRSðxaÞ; with jaj 6 3g to obtain generators of R3½xS.
Let us compute a few examples:Example 1. Recall that xð1;0;0;0;0;0Þ ¼ q1, then using (31), (15), and
(19), we have RS xð1;0;0;0;0;0Þ
  ¼ 12p R 2p0 q1dh ¼ q1.
Example 2. The computation of RS xð0;2;0;0;0;0Þ
 
is also
straightforward:
RS xð0;2;0;0;0;0Þ
  ¼ 1
2p
Z 2p
0
ðcq4  sq5Þ2dh ð32Þ
using
ðcq4  sq5Þ2 ¼
1
2
ðq24 þ q25Þ þ
cos 2h
2
ðq24  q25Þ  sin 2hq4q5 ð33Þ
we get
RS xð0;2;0;0;0;0Þ
  ¼ 1
2
ðq24 þ q25Þ ð34Þ
If we consider all images RSðxaÞ with jaj 6 3 there are
83 ¼ 83
 
þ 72
 
þ 61
 
monomials to calculate 6þ k 1
k
 
represents the number of monomials of degree k in 6 variables
!
.
The monomials xa of degree jaj with jaj 6 3, whose images RSðxaÞ
are nonzero, are given in Tables 1 and 2.
Within this table we should notice that some nonlinear combi-
nations exist. For instance if we denote by K1 ¼ q1 and
K2 ¼ q2 þ q3, then RS xð1;0;0;1;0;0Þ
  ¼ 12K1K2. Similarly in degree 3,
RS xð3;0;0;0;0;0Þ
  ¼ K31.
Looking for such combinations we can reduce this family to a
set of generators ofR3½xS made of only 6 elements in the following
sense.
Proposition 3. Let P 2 R3½xS, then P can be written as a polynomial
in the invariants K1; . . .K6 where
K1 ¼ q1 K4 ¼ q26  q2q3
K2 ¼ q2 þ q3 K5 ¼ ðq25  q24Þq6 þ q4q5ðq2  q3Þ
K3 ¼ q24 þ q25 K6 ¼ ðq24  q25Þðq2  q3Þ þ 4q4q5q6
ð35Þ
More precisely there exist ai 2 R and bi 2 N 6 such that
Kbi ¼ Kbi11 . . .Kbi66 2 R3½xS and
PðxÞ ¼ a1Kb1 þ    þ anKbn ð36ÞProof. First of all each polynomial Ki is S-invariant according to:
K1 ¼ RS xð1;0;0;0;0;0Þ
 
; K2 ¼ 2RS xð0;0;0;1;0;0Þ
 
; K3 ¼ 2RS xð0;2;0;0;0;0Þ
 
K4 ¼ 2RS xð0;0;0;0;2;0Þ
  ½RS xð0;0;0;1;0;0Þ 2; K5 ¼ 4RS xð0;0;2;0;1;0Þ 
K6 ¼ 8½RS xð0;2;0;1;0;0Þ
  RS xð0;0;0;1;0;0Þ RS xð0;2;0;0;0;0Þ 
ð37Þ
Table 2
Nonzero invariants RSðxaÞ with jaj ¼ 3.
jaj a ¼ ða1;a2;a3;a4;a5;a6Þ RSðxaÞ
3 ð3;0;0;0;0;0Þ q31
ð2;0;0;1;0;0Þ, ð2;0;0;0;0;1Þ 1
2q
2
1ðq2 þ q3Þ
ð1;2;0;0;0;0Þ, ð1;0;2;0;0;0Þ 1
2q1ðq24 þ q25Þ
ð1;0;0;2;0;0Þ, ð1;0;0;0;0;2Þ 1
8q1½4ðq26  q2q3Þ þ 3ðq2 þ q3Þ2
ð1;0;0;1;0;1Þ 1
8q1½4ðq26  q2q3Þ þ ðq2 þ q3Þ2
ð1;0;0;0;2;0Þ 1
8q1½4ðq26  q2q3Þ þ ðq2 þ q3Þ2
ð0;2;0;0;1;0Þ, ð0;1;1;0;0;1Þ 1
4 ½ðq25  q24Þq6 þ q4q5ðq2  q3Þ
ð0;0;2;0;1;0Þ, ð0;1;1;1;0;0Þ 1
4 ½ðq25  q24Þq6 þ q4q5ðq2  q3Þ
ð0;2;0;1;0;0Þ, ð0;0;2;0;0;1Þ 1
8 ½ðq24  q25Þðq2  q3Þ þ 4q4q5q6 þ 2ðq24 þ q25Þðq2 þ q3Þ
ð0;1;1;0;1;0Þ 1
8 ½ðq24  q25Þðq2  q3Þ þ 4q4q5q6
ð0;0;0;3;0;0Þ, ð0;0;0;0;0;3Þ 1
16 ðq2 þ q3Þ½12ðq26  q2q3Þ þ 5ðq2 þ q3Þ2
ð0;0;0;2;0;1Þ, ð0;0;0;1;0;2Þ 1
16 ðq2 þ q3Þ½4ðq26  q2q3Þ  ðq2 þ q3Þ2
ð0;0;0;1;2;0Þ, ð0;0;0;0;2;1Þ 1
16 ðq2 þ q3Þ½4ðq26  q2q3Þ þ ðq2 þ q3Þ2
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combination of the 34 monomials of Tables 1. But each monomial
of Tables 1 and 2 can be expressed in terms of products and combi-
nations of K1; . . . ;K6 as it can be checked by direct calculation. .
This family of invariant polynomials F ¼ fK1; . . . ;K6g is enough
to write all S-invariant polynomials of degree less than three as a
polynomial in K1; . . . ;K6. In the next section we will establish a
much stronger statement by proving that F is in fact an integrity
basis of all invariant polynomials, i.e. F generates R½xS.
3.2. The general case
We now prove that the integrity basis of Proposition 2 above is
in fact an integrity basis for R½xS. The proof is based on an reduc-
tion argument on the degree of RSðxaÞ. To facilitate the reading of
the next recursive formulas, we introduce the following notation:
bðaÞ ¼ bða1;a2;a3;a4;a5;a6Þ ¼ RSðxa11 xa22 . . . xa66 Þ ð38Þ
i.e. bðaÞ is the image by the generalized Reynolds Operator of
the monomial xa with a ¼ ða1; . . . ;a6Þ. To prove Theorem 1 which
will be presented later, we need the following lemmas. The proofs
of each lemma is based on long elementary calculation, mostly
based on integration by parts techniques involving formulas
obtained by differentiating the components of AðQ hÞðxaÞ. For the
sake of the reading we only state the formulas.
Lemma 1 (The induction formula on the parameter a2). With
respect to the previous notations, we have
½a2þa3þ2ða4þa5þa6Þbða1;a2;a3;a4;a5;a6Þ
¼ ða21þa4þa5þa6ÞK3bða1;a22;a3;a4;a5;a6Þ
þ1
2
a4ðK6K2K3Þbða1;a22;a3;a41;a5;a6Þ
a5K5bða1;a22;a3;a4;a51;a6Þ
1
2
a6ðK6þK2K3Þbða1;a22;a3;a4;a5;a61Þ
þa4K2bða1;a2;a3;a41;a5;a6Þ
þa6K2bða1;a2;a3;a4;a5;a61Þ ð39ÞRemark 5. It should be noted that the terms bðaÞ involved in (39)
are meaningful only if the exponents are non-negative. In other
words, a1 P 0;a2 P 2;a3 P 0;a4 P 1;a5 P 1;a6 P 1. However it
is important to notice that the conditions on a4a5 and a6 can be
relaxed because if a4;a5 or a6 are zero, the terms b with a4a5 or
a6 in factor are removed from the Eq. (39).Lemma 2 (The induction formula on the parameter a3). With
respect with the previous notations, we have
½a2 þ a3 þ 2ða4 þ a5 þ a6Þbða1;a2;a3;a4;a5;a6Þ
¼ ða3  1þ a4 þ a5 þ a6ÞK3bða1;a2;a3  2;a4;a5;a6Þ
 1
2
a4ðK6 þ K2K3Þbða1;a2;a3  2;a4  1;a5;a6Þ
þ a5K5bða1;a2;a3  2;a4;a5  1;a6Þ
þ 1
2
a6ðK6  K2K3Þbða1;a2;a3  2;a4;a5;a6  1Þ
þ a4K2bða1;a2;a3;a4  1;a5;a6Þ
þ a6K2bða1;a2;a3;a4;a5;a6  1Þ ð40ÞRemark 6. In this formula the terms bðaÞ are meaningful only if
the exponents are non-negative, i.e. a1 P 0;a2 P 0; a3 P 2;
a4 P 1;a5 P 1;a6 P 1. Again the conditions on a4a5 and a6 can
be relaxed because if a4;a5 or a6 are zero, there is no terms b with
a4;a5 or a6 in factor in Eq. (40).Lemma 3 (The induction formula on the parameter a5 in the case
a2 ¼ a3 ¼ 0.). With respect to the previous notations, we have,
4½a4 þa5 þ a6bða1;0;0;a4;a5;a6Þ ¼ 2a4K2bða1;0;0;a4 1;a5;a6Þ
þ ða5  1ÞðK22 þ4K4Þbða1;0;0;a4;a5  2;a6Þ
þ2a6K2bða1;0;0;a4;a5;a6  1Þ ð41Þ
Remark 7. The induction formula (41) decrements a4 by 1 (ﬁrst
term bðaÞ), a5 by 2 (second term bðaÞ) and a6 by 1 (third term in
bðaÞ). We also remark that the ﬁrst and third terms have factors
a4 and a6 respectively.Lemma 4 (The case a2 ¼ a3 ¼ 1). With respect to the previous nota-
tions, we have
bða1;1;1;a4;a5;a6Þ ¼ a4bða1;0;2;a4  1;a5 þ 1;a6Þ
 1
2
a5bða1;0;2;a4 þ 1;a5  1;a6Þ
þ 1
2
a5bða1;0;2;a4;a5  1;a6 þ 1Þ
 a6bða1;0;2;a4;a5 þ 1;a6  1Þ ð42ÞRemark 8. The recursive formula (42) exhibits four terms in b
where a2 is set to 0 and a3 to 2.
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respect to the previous notations, we have
bða1;0;0;a4;0;a6Þ ¼
Xa6
k¼0
a6
k
 
ð1ÞkKa6k2 bða1;0;0;a4 þ k;0;0Þ
ð43ÞLemma 6 (Special cases). With respect to the previous notations, we
have
bða1;1;0;a4;a5;a6Þ ¼ 0 ð44Þ
bða1;0;1;a4;a5;a6Þ ¼ 0 ð45Þ
bða1;0;0;a4;1;a6Þ ¼ 0 ð46Þ
bða1;0;0;a4;0;0Þ ¼ Ka11
Xa4
q¼0
q even
a4
q
 !
q
q
2
 !
1
22q
1
2
K2
 	a4q
½4K4 þ K22
q
2 2p
ð47Þ
We can now state our main Theorem:Theorem 1. An integrity basis of all invariant polynomials R½xS is
given by:F ¼ fK1;K2;K3;K4;K5;K6g ð48Þ
where Ki are deﬁned by (35).Proof. Recall that Ki are invariant under the symmetry material
group by (37). Our goal is to prove that every element
bða1;a2;a3;a4;a5;a6Þ of R½xS can be written as a polynomial in
the invariants Ki.
The proof is based on an algorithm (see Fig. 3) which will allow
us to express bða1;a2;a3;a4;a5;a6Þ in terms of Ki and another
bð ~a1; ~a2; ~a3; ~a4; ~a5; ~a6Þ of lower degree.
We start with any bða1;a2;a3;a4;a5;a6Þ. Step 1: we use repeatedly (39) until bða1;a2;a3;a4;a5;a6Þ can
be written in terms of bða1;0;a3;a4;a5;a6Þ or
bða1;1;a3;a4;a5;a6Þ and K2;K3;K5;K6.
 Step 2: we use repeatedly (40) until
– bða1;0;a3;a4;a5;a6Þ can be written in terms of
bða1;0;1;a4;a5;a6Þ and bða1;0;0;a4;a5;a6Þ;
– bða1;1;a3;a4;a5;a6Þ can be written in terms of bða1;1;1;
a4;a5;a6Þ and bða1;1;0;a4;a5;a6Þ and K2;K3;K5;K6.
Here we can show that bða1;0;1;a4;a5;a6Þ ¼ 0 and
bða1;1;0; ;a4;a5;a6Þ ¼ 0 by (44) and (45). By using (42), we also
can write bða1;1;1;a4;a5;a6Þ in terms of bða1;0;2;a4;a5;a6Þ. Using
again (40), bða1;0;2;a4;a5;a6Þ can be written in terms of
bða1;0;0;a4;a5;a6Þ. Finally, every bða1;0;a3;a4;a5;a6Þ can be writ-
ten only in terms of bða1;0;0;a4;a5;a6Þ and K2;K3;K5;K6.
 Step 3: we use repeatedly (41) until bða1;0; 0;a4;a5;a6Þ can be
written in terms of bða1;0;0;a4;0;a6Þ or bða1;0; 0;a4;1;a6Þ and
K2;K4. By (46), we have bða1;0;0;a4;1;a6Þ ¼ 0, i.e. every
bða1;0;0;a4;a5;a6Þ can be written only in terms of
bða1;0;0;a4;0;a6Þ and K2;K4.
 Step 4: we use repeatedly (43) to show that bða1;0;0;a4;0;a6Þ
can be written in terms of bða1;0;0;a4;0;0Þ and K2.
 Step 5: we use (47) to show that bða1;0;0;a4;0;0Þ is a polyno-
mial of K1;K2;K4.Our algorithm stops after Step 5 and proves that every
bða1;a2;a3;a4;a5;a6Þ can be written only in terms of
K1;K2;K3;K4;K5;K6. It means F is an integrity basis of all invariant
polynomials under the symmetry material group.
Remark 9. Although F is an integrity basis, a relation between the
generators exists and one can check that 4K25 ¼ K23ð4K4 þ K22ÞK26.
Moreover it can be proved with a computer software that this is
the only one relation.
Theorem 1 states that any invariant polynomial P of the 6-
dimensional variable x 2 W which is invariant under the group of
rotations S around the axis a can be written as
PðxÞ ¼ QðK1; . . . ;K6Þ
where Q is a real polynomial in 6 variables. Moreover this explicit
expression of P with respect to the integrity basis F is unique up
to the relation
4K25  K23ð4K4 þ K22Þ þ K26 ¼ 0 ð49Þ
In the language of invariant theory and polynomial rings, the
Hilbert’s basis Theorem says that any ﬁnitely generated ring of
invariant polynomials can be written as a quotient of a polynomial
ring in the generators modulo the relations. This leads to a more
‘‘classical invariant theory’’ formulation of Theorem 1:
Theorem 2. Theorem 1 and the relation (49) are equivalent to the
following isomorphism:
R½xS ’ R½K1; . . . ;K6=h4K25  K23ð4K4 þ K22Þ þ K26iRemark 10. As already mentioned in Remark 2, the generators Ki
are given in terms of frame indifferent quantities, namely the qj
deﬁned in (17). A consequence is that the invariant polynomials
given by Theorem 2 are objective functions. There is no need here,
after imposing the required symmetry conditions, to deal with the
objectivity like it was treated in two steps in Thionnet and Martin
(2006). The objectivity is given by our frame indifferent choice of
variables x ¼ ðq1; . . . ;q6Þ.4. The new (constructed) invariants and the classical ones
It is important to point out at this stage that we obtained our
new set of invariant polynomials by a purely constructive method
based on the mathematical theory of invariant. Therefore the
physical and mechanical interpretations provided in this Sec-
tion can only be given a posteriori.Nevertheless we will see that
our invariants allows us to recover the classical ones and furnish
more information about the ring of invariant polynomials.
Each of the 6 invariant polynomials we obtained as generators
of R½xS has a physical interpretation:
 K1 represents the elongation squared in the ﬁber direction
K1 ¼ q1 ¼ hCa;ai ¼ kFak2 ð50Þ K2 takes into account the sum of two squared elongations in the
two directions b and c in the isotropic planK2 ¼ q2 þ q3 ¼ hCb;bi þ hCc; ci ¼ kFbk2 þ kFck2 ð51Þ
 K3 is the square of the length of the projection of the vector Ca
on the isotropic plane ðObcÞK3 ¼ q24 þ q25 ¼ hCa;bi2 þ hCa; ci2 ð52Þ
Fig. 3. Recursive algorithm.
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and the matrix as introduced in Peng et al. (2006). A straightfor-
ward calculation (see Eq. (58)) leads tocosu ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I3
J4ðJ5  I1J4 þ I2Þ
s
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
I3
K1K4
s
ð53Þ K5 represents the negative value of the volume of a cube formed
by a;Ca and C2aK5 ¼ detðajCajC2aÞ ð54Þ
It should be noticed that a;Ca and C2a result from the application of
I;C and C2 to the ﬁber direction a. As these tensors are used in clas-
sical stress tensor representation, that suggests that a strong link
exists between K5 and the force applied to the surface oriented by
the unit vector a. To study in details this result, it requires many
technical developments which will be presented in a forthcoming
paper. In particular, it will be demonstrated that the stress vector
can be expressed byrn ¼ 2ﬃﬃﬃﬃﬃﬃﬃﬃﬃK4p
X6
i¼1
@W
@Ki
F
@Ki
@C
a ð55Þwhere n represents the outward unit normal to the deformed
surface corresponding to the reference surface oriented by a. To
evaluate the contribution of K5 in the calculation of rn, it will be
additionally demonstrated thatF
@K5
@C
a

 ¼
0 if a is an eigenvector of C
1
2
ﬃﬃ
2
p
K3
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K26 þ 4K25
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K2K3  K6
p
otherwise
8><
>:
ð56Þ
 K6 takes into account the sum of the change of volume of
materialK6 ¼ K2K3 þ 2K1K4 þ 2I3 ð57ÞIn the literature it is considered that the response of a material
with a ﬁber family is strongly anisotropic and requires the
introduction of additional structural tensor (Boehler, 1977, 1978,1979). This structural tensor represents the anisotropy of material
and is connected to the preferred direction of ﬁber. Most of the
models of behavior laws in biomechanics (Klisch and Lotz, 1999;
Holzapfel et al., 2000; Schröder and Neff, 2003; Merodio and
Ogden, 2003; Merodio and Ogden, 2005; Erchiqui et al., 2005; del
Palomar and Doblare, 2006; Balzani et al., 2006; Caner et al.,
2007; Guo et al., 2007; Girard et al., 2009; Peng et al., 2010;
deBotton and Shmuel, 2010; Huang et al., 2012) use the ﬁve
following invariants:
I1 ¼ trC ¼ q1 þ q2 þ q3
I2 ¼ 12 ½ðtrCÞ
2  trðC2Þ ¼ ðq1q2 þ q1q3 þ q2q3Þ  ðq24 þ q25 þ q26Þ
I3 ¼ detC ¼ q1q2q3 þ 2q4q5q6  ðq1q26 þ q2q25 þ q3q24Þ
J4 ¼ trðCa aÞ ¼ q1
J5 ¼ trðC2a aÞ ¼ q21 þ q24 þ q25
ð58Þ
The ﬁrst three classical invariants are the isotropic invariants
I1; I2 and I3 who only depend on C. The last two are the mixed
invariants J4 and J5 who take into account the anisotropy of the
material by coupling C and the structural tensor a a.
Thanks to (58) and the deﬁnition of Ki (35), we can easily
express these classical invariants in terms of K1;K2;K3;K4;K6:
I1 ¼ K1 þ K2 J4 ¼ K1
I2 ¼ K1K2  K3  K4 J5 ¼ K21 þ K3
I3 ¼ K1K4 þ 12 ðK6  K2K3Þ
ð59Þ
Conversely,
K1 ¼ J4 K3 ¼ J5  J24
K2 ¼ I1  J4 K4 ¼ I1J4  J5  I2
K6 ¼ I1ðJ5 þ J24Þ  3J4J5 þ J34 þ 2I3  2I2J4
ð60Þ
Comparing the degrees of the two families of invariants, we
remark that there are the same number of invariant polynomial
for each degree except in degree 3 (see Table 3).
Table 3
Comparison of the degrees of the two families of
invariants polynomials.
Degree Classical invariants New invariants
1 I1; J4 K1;K2
2 I2; J5 K3;K4
3 I3 K5;K6
Table 4
Kinematic tensors.
@K1
@C
a a
@K2
@C
b bþ c c
@K3
@C
q4ða bþ b aÞ þ q5ða cþ c aÞ
@K4
@C
q3b b q2c cþ q6ðb cþ c bÞ
@K5
@C
q4q5ðb b c cÞ þ
1
2
ðq25  q24Þðb cþ c bÞ
þ 1
2
q5ðq2  q3Þ  q4q6
 	
ða bþ b aÞ
þ 1
2
q4ðq2  q3Þ þ q5q6
 	
ða cþ c aÞ
@K6
@C ðq24  q25Þðb b c cÞ þ 2q4q5ðb cþ c bÞ
þ ½2q5q6 þ q4ðq2  q3Þða bþ b aÞ
þ ½2q4q6  q5ðq2  q3Þða cþ c aÞ
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from more empirical approach. For example K2 is used to model
the crosslink’s ability to resist shear force along the ﬁber direction
(Hollingsworth and Wagner, 2011). The invariants K1;K2 and K4
are proposed in Schröder and Neff (2003) to satisfy the polycon-
vexity conditions for the strain energy function. The invariant K4 is
used in Peng et al. (2006) to model the ﬁber–matrix shear
interaction. Finally the invariant K3 is linked to the invariant b4
of Criscione et al. (2001) by the relation b4 ¼
ﬃﬃﬃﬃ
K3
p
K1
.Remark 12. It is important to point out that K5 can not be written
as a polynomial in I1; I2; I3; J4 and J5. However as it is explained in
Remark 9 we have a relation (49) among the new invariants which
can be used to express K25 as a polynomial in the other Ki. This
means therefore that K25 can be written as a polynomial in the clas-
sic invariants. The invariant K5 thus appears to play a particular
role which will be deeply investigated in a forthcoming work.Remark 13. If we consider the special case of inﬁnitesimal
deformations:
E ’ 1
2
ðruþruTÞ ¼ e; ð61Þ
then a straightforward computation shows that
K1 ’ 1þ 2trðea aÞ
K2 ’ 2½1þ trðeÞ  trðea aÞ
K4 ’ 1 2½trðeÞ  trðea aÞ
K3 ’ 0; K5 ’ 0; K6 ’ 0:
ð62Þ
One observes that only the already known invariants K1;K2 and K4
are non zero. Thus it means that the three new invariants K3;K5 and
K6 will play a part only when we consider non linear cases.
Some differences exist between the classical approach and the
results obtained. First of all in the classical literature the list of
basic invariants is not uniquely deﬁned and if the polynomials
I1; I2; I3; J4; J5 are the most commonly used, others choices can be
made (see Boehler, 1977, 1978, 1979). On the other hand our
invariants K1; . . . ;K6 are uniquely determined by construction up
to the relation (49). We do not make any choices and this is only
the geometry (one ﬁber family) of the problem and the invariant
theory techniques (adapted with the generalized Reynolds Opera-
tor) which lead to the list of invariants. Secondly in the classical
setting we have two types of invariants by separating the energy
density in an isotropic part (I1; I2; I3) and an anisotropic part
(J4; J5). This splitting does not appear in our invariants and some
of them (K2;K4;K5;K6) take into account these two parts.
Thus we consider that those new invariants carry meaningful
information to understand behavior laws of material made of one
ﬁber family. They appear naturally (by construction) and are dee-
ply linked to the geometry of our problem. It does not require to
separate the free energy function in isotropic and anisotropic part
as we see usually in the literature (Holzapfel et al., 2000; Holzapfel
et al., 2002; Peng et al., 2006; Hariton et al., 2007; Kroon and
Holzapfel, 2008; Girard et al., 2009; deBotton and Shmuel, 2009;
Kao et al., 2010; Chamoret et al., 2013). Complementary develop-
ments regarding the meaning of the invariants K1; . . . ;K6 and theiruse to build behavior laws, will be presented in a forthcoming
paper.
5. Kinematic tensors
The kinematic tensors associated to a chosen set of invariants
are relevant when we consider the Piola Kirchhoff stress tensor
and the Cauchy stress tensor. For instance using (8), the Cauchy
stress tensor can be written as
r ¼ 2
J
F
X6
i¼1
@W
@Ki
@Ki
@C
 !
FT ð63Þ
The expression (63) shows that it is necessary to calculate the deriv-
ative of each invariant Ki with respect to C. Here, we can use (35)
where Ki is given as a function of qi and the deﬁnition (17) where
qi is given as a function of C. For example the kinematic tensor
we obtain for the ﬁrst invariant is nothing but the so-called struc-
tural tensor:
@K1
@C
¼ @q1
@C
¼ a a ð64Þ
Similarly, for the second invariant we get:
@K2
@C
¼ @q2
@C
þ @q3
@C
¼ b bþ c c ð65Þ
The procedure is exactly the same for the last four invariants. With-
out any speciﬁc difﬁculties, one obtains the following results listed
in Table 4.
6. Conclusion
In this paper we extended our constructive approach to build
biomechanical behavior laws (Ta et al., 2013) to the case of an
anisotropic material made of one ﬁber family. The case of one ﬁber
family is more subtle to the one of two ﬁber families already solved
in our previous paper (Ta et al., 2013). Indeed with one ﬁber family,
the symmetry group of the material is made of all rotations around
the symmetry axis a and thus is an inﬁnite group. To deal with that
case we had to adapt the classical invariant theory of ﬁnite group
and introduce new theoretical tools such that the generalized Rey-
nolds Operator. Thanks to this new concept we were able to build a
family of 6 invariants polynomials K1; . . . ;K6 which generates all
invariant polynomials with respect to the symmetry of the mate-
rial. With our new 6 invariants we recover the 5 classically used
in the literature. We discussed the differences between the classi-
cal and our new constructive approach. We also wrote explicitly
the kinematic tensors associated to our new invariants as a ﬁrst
step toward the obtention of new biomechanical behavior laws.
We are convinced that the new invariants obtained will deliver
interesting insights in order to understand the nature of behavior
laws for material with one ﬁber family structure.
3588 A.-T. Ta et al. / International Journal of Solids and Structures 51 (2014) 3579–3588This paper is part of a longer term project where we intend to
build new model of hyperelastic behavior laws with the following
three steps approach:
 Step 1: ﬁnd new set of invariant polynomials. In the case of
anisotropic materials there is no general method and this paper,
as well as our previous one Ta et al. (2013), open new perspec-
tives on the subject by introducing constructive method.
 Step 2: express explicit form of the energy densityW in terms of
the new invariants. This step can be investigated by,
1. Considerations on ellipticity and convexity of the strain
energy density W (Knowles and Sternberg, 1975;
Horgan, 1996; Schröder and Neff, 2003; Peyraut, 2004).
2. Identiﬁcation of material parameters by using efﬁcient
approach in biomechanics (Harb et al., 2014).
 Step 3: Finite element implementation. This last part involves
programming (Chamoret et al., 2013) and validation of the
models with comparison to closed form solution in the simplest
cases (Peyraut et al., 2010).
This paper completes step 1 of the project.
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